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Internal Flow Temperature and Vorticity Dynamics
Due to Transient Mass Addition
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A model is developed for coexisting acoustic and rotational disturbances in internal flows arising from spatial
distributed, transient mass addition of a constant temperature gas. The heat transfer and temperature dynamics
within a channel flow are explored, in addition to the spatial distribution of the transient velocity and vorticity
fields. The compressible Navier–Stokes equations are solved computationally subject to boundary conditions on
the sidewalls and the exit plane, written in Navier–Stokes characteristics form to facilitate proper wave reflec-
tions. Transient solutions consist of coexisting, equal magnitude acoustics (irrotational) and vorticity as well as
surprisingly large, nonacoustic transverse temperature gradients across the chamber. Results for low-Mach- and
large-Reynolds-number channel flow describe spatial patterns for velocity, vorticity, temperature, and tempera-
ture gradient. The temperature gradient transient at the sidewall implies a larger amount of surface heat transfer
than expected for constant temperature mass addition. The time-dependent numerical data are used to calculate
the mean axial velocity distribution across the chamber and rms values for the velocity and vorticity fields to
characterize flow with coexisting acoustics and vorticity. The computational solutions for a channel flow bear a
strong qualitative resemblance to results obtained from an asymptotics-based modeling effort for flow in a cylinder.

Nomenclature
C = conduction operator
C ′

0 = speed of sound
ET = total energy
H ′ = channel half-height
k ′ = thermal conductivity
L ′ = channel length
M = Mach number
n = wave number index
Pr = Prandtl number
p = pressure
q = kinetic energy
Re = Reynolds number
T = temperature
t = time
t ′
a = acoustic time, L ′/C ′

0

U ′
z0 = reference axial speed, δV ′

y0

u = axial speed
V = viscous operator
V ′

y0 = reference injection speed
v = transverse speed
x = axial coordinate
y = transverse coordinate
γ = ratio of specific heats
δ = aspect ratio, L ′/H ′

ε = injection transient amplitude
λn = wave number
μ = viscosity
ρ = density
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� = dissipation operator
� = vorticity
ω = frequency

Subscripts and Superscripts

A = acoustic reference
p = planar quantity
r = rotational quantity
s = steady flow
t = time derivative
w = injection surface quantity
x = axial derivative
y = transverse derivative
0 = reference state
′ = dimensional quantity

Introduction

L OW-MACH-NUMBER isothermal transient mass injection
from the sidewall of a cylinder or a channel induces a time-

dependent, weakly compressible high-Reynolds-number internal
flow in which rotational (vorticity) and irrotational (acoustic) phe-
nomena can coexist.1−8 The models feature an axially distributed
transverse velocity on the sidewall varying harmonically with time
and a constant injected gas temperature.

Transient sidewall mass addition is the source of acoustic distur-
bances in the internal mean flow. An inviscid interaction between
the acoustic pressure axial gradient and the injected fluid at any
point on the sidewall produces a vorticity transient (axial velocity
transverse gradient) there. Similarly, a significant time-dependent,
temperature transverse gradient (heat transfer transient) is generated
on the injection surface by a nonconductive interaction between the
local acoustic temperature transient and the injected fluid.8 Radial
convection carries these surprisingly large gradients into the in-
terior of the channel. The physical processes occurring in the in-
teraction are transient analogues of the steady-state hard blowing
phenomena discussed by Cole and Aroesty.9 Solutions to the math-
ematical models,1−8 obtained by a combination of asymptotic and
computational methods, elucidate the characteristics of the acoustic
disturbance, the vorticity and temperature distributions, as well as
the heat transfer to the boundary.
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Three broad modeling approaches have been used to study low-
Mach-number, high-Reynolds-number internal mean flows with
accompanying acoustic disturbances. Classical acoustic stability
theory, reviewed by Culick and Yang,10 focuses entirely on the evo-
lution of assumed small irrotational (acoustic) velocity and pres-
sure disturbances, to the exclusion of rotational flow (vorticity)
transients. Linear analyses of models based on equations includ-
ing transport effects, initiated by Flandro11 and later reviewed by
Flandro,12 describe the evolution of small disturbances in a mean
flowfield induced by steady uniform injection from the sidewall. Re-
sults describe the commensurately small vorticity transients at the
injection surface, arising from an inviscid interaction between as-
sumed acoustic pressure disturbances and the steady injected fluid,
as well as the subsequent penetration of vorticity into the flow-
field. Related linear studies by Majdalani and Van Moorhem,13,14

Majdalani and Rienstra,15 Majdalani and Flandro16 and Flandro and
Majdalani17 are noted. More general linear stability analyses, includ-
ing the effects of vorticity, are given by Casalis et al.18 and Venugopal
et al.19,20 References 1–8 contain extensive summaries and compar-
isons of past related studies, including those based on computational
solution methods, for example, Refs. 3, 6, and 19–25. The reader is
referred to Refs. 1–8, particularly Ref. 8, for more detail.

In general, linear theories are limited to very small disturbance
magnitudes. For example, Flandro’s asymptotic methodology12 im-
plies that the magnitude of the assumed pressure disturbance is
about 0.1% of the baseline pressure. In contrast, nonlinear analyses
of transient flow dynamics and thermal phenomena in channel and
cylinder geometries,1−8 based on asymptotic and/or computational
approaches, are valid for much larger acoustic and rotational dis-
turbances. An initial-boundary-value problem (IBVP) approach is
used to formulate the mathematical model and develop solutions.
Unlike the assumed acoustic disturbances of linearized formula-
tions, the acoustic fields in the nonlinear studies are a consequence
of the specified transient mass addition boundary conditions.

More specifically, systematic asymptotic methods1−8 are used to
explain how unsteady mass addition from the sidewall of a channel
or cylinder produces acoustic disturbances in the low-axial-Mach
number, M � 1, high-Reynolds-number, Re � 1, mean flow. An-
alytical results are used to prove that the inviscid, nonconductive
interactions between the acoustic transients and the time-dependent
injection from the sidewall induce transverse axial velocity gradi-
ents (vorticity) and transverse temperature gradients (heat transfer)
on the sidewalls.

The small axial Mach number limit, M � 1, is used to show that
the nondimensional acoustic axial velocity and temperature distur-
bances are O(1) and O(M) quantities, respectively. In contrast, the
axial velocity and temperature transverse gradients areO(1/M) and
O(1), respectively. Each gradient, one order larger than the relevant
disturbance itself, is attributable to the inviscid, nonconductive in-
teraction process that is found to occur on a short radial length scale,
O(MR′), where R′ represents the half-height of the channel or the
radius of the cylinder.

Finally, nonlinear asymptotic modeling can be used to show that
the basic velocity and pressure fields are decoupled from thermal
processes.8 It follows that the largest velocity and vorticity dynamics
are not affected by temperature variations in the internal flow.

The properties of weakly compressible internal flows with coex-
isting acoustic and vorticity disturbances are representative of those
found in the chamber of a solid rocket motor (SRM). Mass injection
from the sidewall emulates product gas generation from gaseous re-
actant combustion in a very thin flame zone adjacent to the solid pro-
pellant. Although the feedback between the chamber flow transients
and the propellant response is not included in any of the work cited
thus far, the results are believed to address basic stability processes
in SRMs. Recent experimental observations by Vetel et al.26,27 sup-
port the concepts of vorticity generation featured in the modeling
of Flandro and coworkers and that by Kassoy and coworkers.

Computational results in the present work describe the spatial
distribution of the nondimensional temperature and vorticity tran-
sients in a channel arising from axially distributed isothermal mass
addition with harmonic time dependence on the sidewall. Although

the flowfield temperature disturbances themselves are small, com-
patible with the O(M) prediction of the asymptotic theory, much
larger temperature gradients are present throughout the flowfield.
The results are complementary to the asymptotic analysis of ther-
mal effects in a cylinder, found in Ref. 8. In addition, they represent
a refinement of the velocity and vorticity results found in Ref. 6,
where thermal effects were not discussed.

Reflection-preserving numerical boundary conditions28 are used
to ensure that the computed acoustic field is an accurate solution to
the posed IBVP. In particular, the present acoustic response includes
eigenfunctions predicted by Staab et al.8 as well as the forced modes
seen in Ref. 6. In contrast, earlier computational results6,21,22,24,25

include only the acoustic modes arising from the frequencies of
disturbance imposed on the semiconfined system.

Results are given for a nondimensional sidewall injection distri-
bution composed of a steady spatially uniform part and an axially
distributed oscillatory part of similar magnitude. The amplitude of
the latter, similar to the former, is large enough to ensure that nonlin-
ear processes affect the evolving flowfield.8 Nonresonant frequen-
cies for the harmonic variation of the mass addition are the source
of bounded variations in the dependent variables. Results are also
given for sidewall mass addition at a near-resonant frequency for
the channel geometry considered, to show how larger-amplitiude
disturbances can arise.

In general, the temperature disturbance is composed of acoustic
and rotational parts. The former is associated with isentropic pro-
cesses in the channel. The latter, dependent on transport effects,
involves nonisentropic phenomena and is sometimes referred to as
an entropy wave or a transverse wave.25,29,30 The nonlinear rota-
tional physical phenomena occurring in the flowfield control the
response of the nonisentropic part of temperature disturbance to the
entire velocity field.

The observed axial variation in the radial temperature distribu-
tion is explained in terms of the acoustic-injected fluid interaction
derived in the asymptotic analyses by Zhao et al.2 and Staab et al.5,8

Related ideas are used to show why the axial distribution of the tem-
perature is sensitive to the axial variation in the injection velocity.

A comparison of the mean axial velocity distribution across the
channel, found by averaging the time-dependent numerical data,
with instantaneous values shows that the detailed structure of the
latter cannot be anticipated by examining the former. In particular,
relatively large oscillatory transverse velocity gradients (axial shear
stresses), associated with the production of vorticity on the sidewall,
cannot be inferred from the mean flow profile. Results are also
given for the rms intensity of the axial velocity, composed of a
purely irrotational contribution; a purely rotational contribution; and
a separate mixed contribution, as well as for the Reynolds stress
distribution across the channel.

Mathematical Model
The flow occurs in a narrow channel of length L ′ (primes de-

note dimensional variables), half-height H ′, and an aspect ratio
δ = L ′/H ′ � 1. The pressure at the exit is prescribed whereas the
closed endwall is impermeable. Inert gas, at constant temperature
T ′

0 , is injected through the porous side walls with a characteristic
velocity V ′

y0, to induce an axial flow characterized by U ′
z0= δV ′

y0.
The mathematical model is based on nondimensional Cartesian con-
servation equations for unsteady compressible perfect gas flow, in-
cluding the parabolized form of the viscous and conduction terms
(with axial transport suppressed):

∂ Q

∂t
+ ∂ E

∂x
+ ∂ F

∂y
= 0 (1a)

where Q = [ρ, ρu, ρv, ET ]T and

E = {
Mρu, Mρu2 + (1/γ M)p, Mρuv, M[ET + (γ − 1)p]u

}T

(1b)
F = {

Mρv, Mρuv − (δ2 M/Re)uy, Mρv2

+ (δ2/γ M)p, M[ET + (γ − 1)p]v − (γ δ2 M/Re Pr)Ty

}T

(1c)
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where ET is the sum of the internal and kinetic energies {ρ[T +
γ (γ − 1)M2(u2 + (v/δ)2]}. The equation of state for a perfect gas
is

p = ρT (2)

It is assumed that the specific heats, the viscosity, and conductivity
coefficients are constant because changes in temperature are quite
small. Nondimensional variables, defined in terms of dimensional
quantities denoted by a prime, are written as

p = p′/p′
0, ρ = ρ ′/ρ ′

0, T = T ′/T ′
0

u = u′/U ′
z0

, v = v′/(
U ′

z0

/
δ
)

x = x ′/L ′, y = y′/H ′, t = t ′/t ′
a (3)

where p′
0 is representative of the operating pressure in the chamber

and T ′
0 is the temperature of the injected fluid.

Characteristic length scales for the axial and transverse variables
are chosen to be duct length L ′ and the height H ′, respectively.
Time is nondimensionalized with respect to the axial acoustic time
t ′

A = L ′/C ′
0. These variables have been used in the related asymptotic

analysis8 to identify important length and timescales as well as the
magnitudes of the transient variations of dependent variables.

The characteristic axial flow Mach number, Prandtl number, and
flow and acoustic Reynolds numbers are defined, respectively, as
follows:

M = U ′
z0

/C ′
0, Pr = μ′

0C ′
p0

/k ′
0

Re = ρ ′
0U ′

z0
L ′/μ′

0, ReA = Re/M (4)

Parameter ranges of interest include M ≤O(10−1), Pr =O (1), and
Re =O(105–106). The asymptotic analyses and results in Refs. 1–8
justify the use of parabolized equations, except adjacent to the
endwall.

In general, the solutions to Eqs. (1) and (2) must satisfy bound-
ary conditions on the endwall, x = 0; sidewall, y = 1; centerline,
y = 0; and exit plane, x = 1: x = 0, u = 0, and T = 1; y = 1, u = 0,
v = vw(x, t), and T = 1; y = 0, symmetry; and x = 1, and p = 1.
The computational initial condition is given by t = 0, u = v = 0,
and p = T = 1. The pressure boundary condition at x = 1 has been
used in the related asymptotic studies to simplify the calculation of
the acoustic disturbance in the channel. Other conditions imposed at
the exit plane, for example, those by Landau and Lifshitz,31 would
be associated with different acoustic disturbances in the internal
flow.

Numerical Method and Computational Approach
The channel flowfield time history is obtained by using a finite

difference scheme capable of describing the evolution of flow vari-
ables in the axial and transverse directions after many acoustic wave
cycles. The impact of numerical diffusion found to affect results
obtained from a second-order explicit MacCormack code used by
Kirkkopru et al.3 is overcome by using a higher-order finite dif-
ference formulation. Adjacent to the boundaries, a second-order
explicit predictor–corrector scheme, developed by MacCormack32

is employed. At the interior points, Eqs. (1) and (2) are solved nu-
merically using the two–four explicit predictor–corrector scheme
developed by Gottlieb and Turkel,33 which is a fourth-order variant
of the fully explicit MacCormack scheme. This method is phase
accurate and, therefore, suitable for describing many wave cycles
and wave interaction problems.

Grid points are equally spaced in each direction within the chan-
nel. The number and spacing of the grid points used defines the
accuracy and resolution of the local variations of flow variables
in the axial and transverse directions. Grid point spacing is com-
patible with the asymptotically determined length scales discussed
by Zhao et al.2 and Staab et al.8 The accuracy criterion for explicit
schemes, introduced by Courant–Friedrichs–Lewy (see Ref. 34) and

employed by MacCormack and Baldwin35 to determine the size of
the time step, is satisfied at all interior mesh points.

At the boundaries, the Navier–Stokes characteristic boundary
conditions (NSCBC) technique applied by Poinsot and Lele28 is
used to specify the numerical boundary conditions that eliminate
numerically generated reflected waves and to minimize the numer-
ical dissipation near the aft end as well. [Results obtained from the
two–four method with the NSCBC (see Refs. 36 and 37) technique
have been compared with those from the second-order method to
show that there is excess numerical diffusion in the latter.] This
boundary condition formulation enables the numerical method to
resolve both acoustic responses forced by the frequency of the mass
addition transient and eigenfunction modes appropriate to geometry
and boundary conditions.

A steady-state flow driven by constant isothermal sidewall injec-
tion is computed initially. The boundary conditions for the steady-
state problem are

y = 1, vs = −1, us = 0, Ts = 1 (5)

y = 0, vs = 0,
∂φ

∂y
= 0, φ = (us, ρs, Ts) (6)

x = 0, us = 0 (7)

x = 1, ps = 1 (8)

Computation time is reduced by using Culick’s38 analytical velocity
profiles

v0s = − sin(πy/2) (9)

u0s = πx/2 cos(πy/2) (10)

(ps − 1)/M2 = P0s = γπ2/8(1 − x2) (11)

as initial conditions for the steady-state computation of us and vs

(Ref. 39).
Numerical solutions are obtained for several values of the pa-

rameters Mach number, Reynolds number, n, and ω defined earlier.
The aspect ratio δ = 20 is used to describe flow dynamics in a long,
relatively narrow channel, similar to that modeled with asymptotics
methods.8 The code has been run for several acoustic wave cycles
to ensure that the solution converges to a steady state, defined by
the condition that the total injected mass is equal to the total exiting
mass and that satisfies the condition∣∣φt + 1

i, j − φt
i, j

∣∣ ≈ 10−k (12)

where φ = (u, v, p, T ) and k ≥ 4. A comparison of Culick’s steady
incompressible inviscid velocity profiles, Eqs. (9) and (10), with the
computed profiles for the steady compressible viscous flow is pre-
sented in Fig. 1 for M = 0.1, Re = 105, and δ = 20. The maximum
difference in the axial profiles is slightly less than 4%, whereas the
transverse velocity comparison is fortuitously excellent.

The incompressible Culick solutions in Eqs. (9) and (10) repre-
sent the first asymptotic approximations in low Mach number expan-
sions, for example, us ∼ u0s + M2u1s +O(M4), where higher-order
terms describe weak compressibility effects. The 4% deviation in
the centerline speed between the numerical solution and the Culick
profile is comparable with the asymptotic expansion for us . The dif-
ference can be attributed to effects of compressibility and viscosity
in the numerical solutions ignored in the Culick analyses.

The pressure solution in Eq. (11), ps ∼ 1 + M2 P0s +O(M4), de-
scribes a weak compression effect due to uniform mass injection
from the sidewalls. At this level of approximation, transport effects
are suppressed by the large Reynolds number value. It follows that
the steady flow process is approximately isentropic, and the density
can be described by ρs ∼ 1 + M2(P0s/γ ) +O(M2). The incremen-
tal increase in density implies that the average steady velocity at
x = 0.5 will be less than that associated with the Culick profile, as
will be shown later. This implication is validated by a mass balance
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Fig. 1 Comparison of Culick’s axial and transverse velocity profiles with computations at midlength of chamber for M = 0.1 and δ = 20.

for the channel up to the axial midpoint x = 0.5. The results∫ 1

0

u0s(0.5, y) = 0.5

∫ 1

0

u1s(0.5, y) dy = − P0s(0.5)

2γ
= −3π2/64 = −0.46

can be used with the asymptotic expansion for us to find∫ 1

0

us(0.5, y) dy −
∫ 1

0

u0s(0.5, y) dy = −0.46M2 + O(M4)

where us represents the numerical solution.
This difference can be compared with the area between the two

curves in Fig. 1 for M = 0.1 to test the accuracy of the numerical
result. The asymptotic prediction −0.46 × 10−2 compares favorably
with the numerical difference −0.55 × 10−2 obtained from the area
between the two curves in Fig. 1.

Balakrishnan et al.40 provide a fully compressible analog to
Eqs. (9–11). The small Mach number limit of their results agree
with those described earlier.

The computed steady-state solution for given values of Mach
number, Reynolds number, and δ is then disturbed by an unsteady
sidewall injection component added to the steady value in Eq. (5).
The total wall injection velocity for t > 0 is given by

vw(x, t) = −[1 + ε cos(λn x)(1 − cos ωt)], λn = nπ/2 (13)

where n = 1, 3, 5, . . . , to assure a net additional mass in-
put. If ε = 0.4, the mean value of the injection velocity, v̄w =
[1 + ε cos(λx)], is always into the channel. The parameter n de-
termines the axial wave number of the spatial variation of injection,
and ω is the dimensionless angular frequency for injection time de-
pendence. Solutions for ω = 1 and 1.5 have been obtained, where
the latter is a near-resonant frequency. The disturbance amplitude
ε = 0.4 is sufficiently large to ensure that nonlinear effects influ-
ence the vorticity evolution described by Zhao et al.2 and the radial
temperature gradients discussed by Staab et al.8 With the exception
of the injection condition in Eq. (5), the remaining conditions in
Eqs. (5–8) prevail. Unsteady flow computations are carried out for
several different values of M and n.

Discussion of Computational Solutions
The numerical scheme is implemented to investigate the evo-

lution of the temperature disturbances that accompany coexisting
acoustic and rotational velocity disturbances in a high-aspect-ratio
channel. Kirkkopru et al.3 explain that the complete computed ax-
ial velocity field can be divided into a steady part us , a planar
part u p , and a rotational part ur . The combination, u(x, y, t) =
ur (x, y, t) + us(x, y) + u p(x, t) is a numerical analog to the an-
alytical division of rotational and irrotational flow discussed by
Lagerstrom30 and used subsequently by Zhao,1 Zhao et al.,2 Staab
and Kassoy,4 and Staab et al.8 The quantity us is the solution to the
steady version of Eq. (1) subject to the conditions in Eqs. (5–8). One
finds the planar part by evaluating u p = u − us − ur on the center-
line where the condition uv ≡ 0 is assumed in analogy to the low
Mach number asymptotic analyses.8 Finally, the rotational part of
the velocity field is found from ur = u − us − u p for any value of
(x, y).

Each of the three terms u p, us , and ur is a viscous compress-
ible analog to the velocity split derived from the low Mach number
asymptotic analyses in the references just cited. With the excep-
tion of that by Kirkkopru et al.,3,6 earlier computational studies,
for example, those by Smith et al.41 and Vuillot and Avalon,21 do
not split the numerically computed velocity. A related splitting of
temperature into acoustic (isentropic) and rotational (nonisentropic)
components is described by Staab et al.8

The total dimensionless unsteady vorticity is defined by � =
− [∂ur/∂y − 1/δ2∂vr/∂x] where � = �′/(u′

z0
/H ′). The trans-

verse speed component vr is found from vr (x, y, t) = v(x, y, t) −
vs(x, y), where vs represents the vertical component of the con-
verged steady flowfield.

Solution for n = 1
The first case studied is for n = 1 and the disturbance frequencies

ω = 1 and 1.5. The time history for both centerline (y = 0) tempera-
ture and axial velocity at the midlength of the chamber, x = 0.5, are
shown in Figs. 2 and 3, respectively, for Re = 3 × 105, M = 0.02,
δ = 20, and ε = 0.4. To resolve the transverse structure of the so-
lutions, 201 grid points were used in the y direction. Note that the
bounded temperature and axial velocity solutions for ω = 1, shown
for about 6.5 cycles, are not merely harmonic at the forcing fre-
quency. Rather, the results include acoustic eigenfunctions captured
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Fig. 2 Temperature time history for ω = 1 and 1.5: ε= 0.4, δ = 20, M = 0.02, and Re = 3 ×× 105 at x = 0.5 and y = 0.

Fig. 3 Axial velocity time history with same parameters as in Fig. 2.

by using the NSCBC technique. In contrast, the Kirkkopru et al.3,6

results show only single-frequency oscillations, probably because
the numerical boundary condition treatment does not resolve wave
reflection processes adequately.

An acoustic analysis8 of Eqs. (1) and (2) with the boundary forc-
ing in Eq. (13) can be used to show that the acoustic temperature
response is described by

TA ∼ 1 + M(γ − 1)

γ [(π/2)2 − 1]

[
sin ωt − 2ω

π
sin(π t/2)

]
+ · · ·

where the first transient term arises from the imposed injection con-
dition and the second is the relevant eigenfunction. The interaction
between the former and the latter produces nonharmonic solution
behavior analogous to that seen in Fig. 2. However, TA cannot be
compared directly to that result because the latter arises from a nu-
merical solution to the complete equation system in Eq. (1).

The resonant temperature and velocity responses in Figs. 2 and 3
for the 9+ cycle shown result from an interaction between the forced
oscillation at ω = 1.5 and the acoustic eigenfunction with the fre-
quency ν = π/2. An acoustic analysis can be used to predict a period
of 4 rad compared to the computed value of about 4.02 rad. The so-
lutions are characteristic of the front portion of a beat, where a
declining growth rate of maximum amplitude with time is found.

Figure 1 shows that the steady-state axial centerline veloc-
ity at x = 0.5 has a value of u(0.5, 0) ≈ 0.755 when M = 0.1.

The analogous value for M = 0.02, found in Fig. 3 at t = 0, is
u(0.5, 0) ≈ 0.778, closer to the incompressible value of 0.785 found
from Eq. (10). The responses evolve in a semiperiodic way around
larger mean values, the result of the additional mean injection
velocity (mass addition), represented by the term −ε cos λn x in
Eq. (13).

A phase lag between the axial velocity and temperature responses
is observed in Figs. 2 and 3. In other words, the temperature is
not simply a passive scalar evolving in the velocity field. This is
supported by the asymptotic formulation by Staab et al.8 describing
fundamental differences between the nonlinear diffusive equation
for the axial velocity and that for the temperature field.

Figures 4 and 5 provide two perspectives on the spatial distribu-
tion of the complete temperature T (x, t) in the channel for the pa-
rameters used in Fig. 2 at two successive times t = 24 and 32. At the
sidewall y = 1, T = 1 is specified. At x = 0, the endwall temperature
varies because the isothermal condition T (0, y, t) = 1, discussed
after Eq. (4), cannot be satisfied by parabolized equations that ne-
glect axial diffusion phenomena. A thin conductive boundary layer,
as discussed in Ref. 7, is needed to complete the transition. The
results show how the instantaneous temperature disturbance, gen-
erated initially along the sidewall, is convected out toward the axis
y = 0 as time increases.

The topological structure in Fig. 4a at the time t = 24, contains
a little less than four transverse spatial waves counting back from
the edge of the ramplike surface where y � 0.4. The wave number
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a) b)

Fig. 4 Temperature topography for ω = 1, ε= 0.4, δ = 20, M = 0.02, Re = 3 ×× 105, n = 1, and γ = 1.4 at t = a) 24 and b) 32.

a) b)

Fig. 5 Contour plot of T with same parameters as in Fig. 4.

corresponds quite nicely to the 3.82 cycles of the time dependence of
the injection velocity in Eq. (13) when ω = 1. Similarly, at t = 32 in
Fig. 4b, about five spatial waves are observed, relative to 5.10 cycles
of the injection speed. Staab et al.8 have used asymptotic arguments
for the limit M → 0 to explain the physical characteristics of the
inviscid nonconductive interaction between the acoustic pressure
disturbances in the channel, generated by the transient wall veloc-
ity, and the injected fluid to produce larger than expected transverse
temperature gradients at the wall. These large gradients are then con-
vected out into the internal flow to generate the spatial structures
seen in Fig. 4. Unfortunately, the asymptotic theory is developed
for a long, narrow cylinder, so that quantitative comparisons with
the present numerical results for a channel are not possible. How-
ever, the theory does provide qualitative validation of the present
results.

Equations (1) and (2) can be used to rationalize the importance of
the aforementioned interaction in the computational solution. The
total enthalpy form of the energy equation can be written as

[γ /(γ − 1)]ρ[Tt + M(uTx + vTy)] − pt + (M2/2)
{
(q2)t

+ M
[
u(q2)x + v(q2)y

]} = [1/(Pr Re)][γ /(γ − 1)]δ2 MC

+ (γ δ2 M3/Re)[� + v · V] (14)

where q2 = u2 + (v/δ)2 is the kinetic energy, V is the vector viscous
operator in the momentum equation, and v is the vector velocity. On
the channel wall y = 1, the boundary conditions given after Eq. (4)

must be satisfied. It follows that

[γ /(γ − 1)](ρv)w(Ty)w − [(pt )w/M] + (M/2)
[
(v2)t + Mv(v2)y

]
w

= (δ2/Re)
{

[γ /(γ − 1)Pr ](Tyy)w + γ M2(� + v · V)w

}
(15)

where the subscript w denotes conditions at the wall. The den-
sity ρ ≈ 1 and pt =O(M) in a transient, low-Mach-number, nearly
isothermal flow.8 The injection speed vw(x, t) is given in Eq. (13).
The second term on the right-hand side of Eq. (15), the kinetic en-
ergy at the wall, is modulated by the small Mach number parameter.
Finally, transport effects, represented by the last term in Eq. (15),
are relatively small because δ2/Re = 1.33 × 10−3 for the parame-
ter values used in Fig. 4. This suggests that the pressure transient
(pt )w/M dominates the right-hand side of Eq. (15). It follows that
the approximation

(Ty)w ≈ [(γ − 1)/γ vw](pt/M)w (16)

can be used to show that a nearly nonconductive interaction be-
tween the injected fluid vw(x, t) and the O(M)-induced acoustic
disturbance pt (x, t) is the source of the temperature gradient at the
injection surface. This result is valid for more general acoustic dis-
turbances than those arising in the current study based on the exit
boundary condition, p(x = 1, t) = 1.

Note that the transverse wavelengths of the spatial structures in
Fig. 4 are typically O(0.1), with some variation from wave to wave
as well as transverse location. This relatively small transverse length
scale is suggested by asymptotic scaling used in earlier studies.8
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For the time values in Fig. 4, t = 24 and 32, the spatial wave
structure ends at a well-defined transverse coordinate value for each
axial location. Beyond that front location, one finds only a ramplike
surface representing the purely acoustic disturbances extending to
the axis y = 0. These ramps are similar to those predicted from
analytical acoustic solutions for cylindrical geometries described
by Staab et al.8

The same temperature fields are presented in terms of contour
plots in Fig. 5 for t = 24 and 32, respectively. The pure acoustic
field is associated with vertical contours near the centerline (bottom
of Figs. 5a and 5b). The rest of Fig. 5 shows the contours associated
with the spatial waves in Fig. 4. In particular, note that the trans-
verse locations of the front and of the maximum amplitudes of the
wrinkles move toward the sidewall with increasing axial location.
This behavior occurs because the instantaneous injection distribu-
tion in Eq. (13) decreases monotonically downstream when n = 1.
It follows that transverse convection at downstream locations lags
that at upstream locations.

Figure 6 shows the transverse spatial variation of the instanta-
neous temperature across the chamber at x = 0.5 for the parameters
in Fig. 4 when t = 8, 16, 24, 32, and 40. Note the spatial structures
of the temperature waves out to the front representing the beginning
of the pure acoustic response. These fronts move from about 0.78
for t = 8 to approximately 0.65 for t = 16, to approximately 0.38 for
t = 24, to approximately 0.28 for t = 32, and to approximately 0.17
when t = 40. Here again, one can correlate the number of waves with
the cycles of the injection velocity completed at each time value.

Fig. 6 Transverse variations of T for ω = 1, ε= 0.4, δ = 20, M = 0.02,
and Re = 3 ×× 105 at x = 0.5.

a) b)

Fig. 7 Spatial distribution of temperature gradient for same parameters as in Fig. 4 at t = a) 16 and b) 40.

The wavelength of the spatial oscillations near the injection sur-
face is generally larger than that away from the wall. This result,
associated with the reduction in the transverse velocity as the cen-
terline is approached, is predicted by the integral scaling technique
used by Zhao1 and Staab et al.8 Even the smallest wavelength spa-
tial waves in Fig. 6 have about 20 grid points per cycle, assuring
adequate transverse resolution.

A surface plot of the transverse temperature gradient ∂T/∂y is
shown in Fig. 7 for the same parameters as in Fig. 4 at t = 16 and 40.
Variations in the transverse direction are more severe than those in
the axial direction. The maximum amplitude of the nondimensional
transverse temperature gradient is an order of magnitude larger than
that of the maximum variation in the temperature shown in Fig. 4.
The Staab et al.8 asymptotic formulation implies that the temper-
ature gradient should be one order of magnitude larger than the
temperature disturbance, T − 1, relative to the small parameter M .
The results in Figs. 4 and 5 are in excellent qualitative agreement
with the analytical prediction.

The nondimensional conductive heat flux, q = − ∂T/∂y, is sur-
prisingly large, both at the wall and within the entire channel, given
the small size of the temperature disturbance. A characteristic di-
mensional value can be written as q ′ =O[(k ′T ′

0/H ′)5 × 10−2], given
the result in Fig. 7 and the definitions in Eq. (3).

The time history of the wall temperature gradient at x = 0.5,
∂T/∂y(0.5, 1, t), is shown in Fig. 8. This result shows that the in-
stantaneous heat transfer at the injection surface varies significantly
with time. The nonharmonic variation can be attributed primarily
to the interaction represented by the approximate enthalpy equation
in Eq. (15), where pt includes both oscillations at the forcing fre-
quency ω = 1 and the eigenfrequency ν = π/2, as described earlier
for the acoustic temperature TA.

A near-resonant temperature response is shown in Fig. 9, where
ω = 1.5, Re = 3 × 105, M = 0.02, δ = 20, and ε = 0.4. The largest-
amplitude temperature oscillations are a factor of 10 greater than
those for ω = 1, due to the presence of beats (Fig. 2) when the
injection velocity vw is driven with a near-resonant frequency. One
observes nearly six spatial waves at t = 24, compared to the 5.7
cycles of the injection velocity for ω = 1.5. There are 7.6 injection
cycles at t = 32 and nearly eight waves. These numbers exceed those
found in the nonresonant situation in Fig. 4.

Figure 10 is a contour plot for the temperature whenω = 1.5. Once
again, the contour plots show the pure acoustic region with vertical
lines. The intense black regions show regions of large transverse
gradient, whereas the lightly shaded regions show regions of smaller
gradients. Here again, the transverse locations of the front and of
the maximum amplitude of the wrinkles move toward the sidewall
with increasing axial distance downstream.

A side-by-side comparison of the nonresonant and resonant trans-
verse temperature distributions is shown in Fig. 11 at t = 24 and 40
for the same parameters as in Fig. 9. The strong influence of the
forcing frequency on the acoustic amplitude is noted. The front is at
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Fig. 8 Time history of wall temperature gradient at x = 0.5 and y = 1.0 with same parameters as in Fig. 4.

a) b)

Fig. 9 Temperature topography for ω = 1.5, ε= 0.4, δ = 20, M = 0.02, and Re = 3 ×× 105, Pr = 1, n = 1, and γ = 1.4 at t = a) 24 and b) 32.

a) b)

Fig. 10 Contour plot of T with same parameters as in Fig. 9.

approximately the same transverse position for both values of ω be-
cause its location is controlled primarily by transverse convection,
which is not significantly affected by the imposed frequency. The
value at y = 0 represents the purely acoustical response there.

Figure 12 shows the spatial variation of the unsteady vortic-
ity in the channel at x = 0.5 and 1.0 when t = 8, 24, and 40 for
n = 1, ω = 1, Re = 3 × 105, M = 0.02, and ε = 0.4. The vorticity
disturbances move toward the channel centerline, y = 0, as time in-
creases. For the largest time value, t = 40, vorticity fills about 90%
of the channel. Note a little more than six wave cycles at t = 40

corresponding to the 6.4 oscillations in the injection speed over the
time period when ω = 1. As noted earlier, the wavelength of the
spatial oscillations near the injection surface is generally larger than
that away from the wall.

The nonlinear vorticity generation and evolution process, de-
scribed in asymptotic terms in Ref. 8 can also be rationalized from
Eqs. (1) and (2). Axial momentum conservation can be described
by

ρ[ut + M(uux + vuy)] = −(1/M)(px/γ ) + (δ2 MV/Re) (17)
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a) t = 24

b) t = 40

Fig. 11 Transverse variation of T for ω = 1 and 1.5, ε= 0.4, δ = 20, M = 0.02, n = 1, and Re = 3 ×× 105 at x = 0.5.

a)

b)

Fig. 12 Transverse variation of Ω for ω = 1, ε= 0.4, δ = 20, M = 0.02, n = 1, and Re = 3 ×× 105 at x = a) 0.5 and b) 1.0.

where V (x, y, t) represents the axial viscous operator. On the chan-
nel wall, y = 1, u(x, 1, t) = 0, and vw(x, t), given in Eq. (13), can
used in Eq. (17) to find

ρwvw(uy)w = [−(px )w/γ M2
] + [

δ2(uyy)w/Re
]

(18)

The axial pressure gradient in this low Mach number flow is O(M)
(Ref. 8). Given the conditions described after Eq. (15), the vis-
cous effect is relatively small. It follows that the largest part of the
vorticity on the wall is described by the approximation

(uy)w ≈ −(1/γ M2)[(px )w/vw] (19)

which is one order of magnitude in M larger than the temperature
gradient in Eq. (16). This explains why the � amplitudes in Fig. 12
are significantly larger than the transverse temperature gradients in

Figs. 7 and 8. Here again, the pressure gradient is affected by the in-
teraction between the forced frequency response and that associated
with the relevant eigenfrequency.

The absolute amplitudes of the unsteady vorticity peaks in
Fig. 12b are generally larger at the exit x = 1 than at x = 0.5. This
trend is predicted by the analytically derived formula for the wall
vorticity �w(x, t) by Staab et al.,5 where the local amplitude of the
asymptotic approximation for vorticity is found from the ratio of the
local acoustic pressure gradient to the local instantaneous injection
rate, a result that is analogous to that in Eq. (19). The axial deriva-
tive ∂|�w(x, t)|/∂x > 0 for n = 1, implying that the magnitude of
vorticity generated on the wall increases downstream. Because the
vorticity is convected into the channel by the transverse flowfield,
one may expect relatively larger values of the vorticity near the
injection surface at large axial locations.
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a) b)

Fig. 13 Vorticity topography for ω = 1, ε= 0.4, δ = 20, M = 0.02, n = 3 and Re = 3 ×× 105 at t = a) 24 and b) 40.

a) b)

Fig. 14 Vorticity topography for ω = 1, ε= 0.4, δ = 20, M = 0.02, n = 5 and Re = 3 ×× 105 at t = a) 24 and b) 40.

At the exit, x = 1, the magnitude of the vorticity close to the in-
jection surface can be larger than 20 for the example with M = 0.02.
The asymptotic analyses by Staab et al.5,8 and Zhao et al.2 show that
the vorticity is O(1/M), which is certainly qualitatively compatible
on a magnitude basis with the results found in the present work.

Solutions for n = 3 and 5
Solutions can be found for odd values of the integer n in Eq. (13)

to examine the effect of larger wave number distributions of net
positive mass injection. The vorticity distributions in the channel
for n = 3 and 5 are shown in Figs. 13 and 14 for t = 24 and 40. The
40 grid points used in the axial direction are sufficient to resolve the
axial spatial structure for n = 3 and 5.

The complexity of axial variations in the spatial waves is enhanced
as the wave number index n is increased from 3 to 5. Additional axial
spatial waves are seen for n = 5 in Fig. 14. In addition, the shapes
of the vorticity fronts at t = 40, for n = 3 and 5, are quite different.
These results suggest that the spatial distribution of mass injection
can have a significant impact on the characteristics of vorticity in
the channel.

A comparison of the results with those in Fig. 12 shows that the
maximum characteristic amplitude of the vorticity peaks decrease
with increasing value of n. The explanation for this dependence
can be obtained from Eq. (19) and the properties of the embedded
acoustic field.8 In particular, the acoustic pressure gradient for ω = 1
is described by

px

M
= − (nπ/2)

[(nπ/2)2 − 1]

[
sin t − sin(nπ/2)t

(nπ/2)

]
sin(nπ/2)x

n = 1, 3, 5, . . .

where the first term in the transient represents a forced response
and the second is associated with the eigenfrequency. Note that
the amplitude of the pressure gradient decreases with n, and the
relative importance of the eigenfrequency effect decreases with n.
It follows from Eq. (19) that the amplitude of the induced vorticity
will decrease with increasing values of n. This implies that vorticity
generation will be relatively small when the wave number of the
injection transient in Eq. (13), λn = nπ/2, is sufficiently large.

Vorticity contour plots for n = 1, 3, and 5 when ω = 1 are shown in
Figs. 15–17 at t = 24 (Figs. 15a, 16a, and 17a) and 40 (Figs. 15b, 16b,
and 17b). At each time value, the number of transverse structures is
the same for n = 1, 3, and 5. However, the axial structures are quite
different. Note that the transverse penetration of vorticity into the
channel is minimized at the axial location of the minimum in the wall
injection velocity in Eq. (13). This result is expected because the
penetration is related to the local radial convection speed.8

For n = 1 in Fig. 15, the contours show several spatial waves
of vorticity across the channel with largest value (darkest shading)
near the sidewall. The peak amplitude increases, and the location
of the peaks moves toward the sidewall with increasing axial dis-
tance downstream. The largest shear stresses appear at the down-
stream locations for n = 1. The peak results described by Liou and
Lien42 and Kirkkopru et al.3,6 are qualitatively similar for the case
n = 1.

For n = 3 and 5 in Figs. 16 and 17, many of the � contours are
closed. When one moves axially along a vorticity cell structure, there
is a nonmonotonic amplitude variation with distance downstream.
The transverse location of the vorticity varies considerably in the
downstream direction. In addition, the variation in the front location
with increasing axial distance is not monotonic as in Fig. 15 for
n = 1. The difference arises from the nonmonotonic spatial variation
of the injection speed in Eq. (13) for n = 3 and 5 compared to the
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a) b)

Fig. 15 Contour plot of Ω with same parameters as in Fig. 12 for n = 1.

a) b)

Fig. 16 Contour plot of Ω with same parameters as in Fig. 12 for n = 3.

a) b)

Fig. 17 Contour plot of Ω with same parameters as in Fig. 12 for n = 5.

monotonic decrease for n = 1. In fact, the changes in alignment of
the vorticity structures in Figs. 16 and 17 are similarly related to the
spatial variation of the injection speed.

The intense black regions of concentrated contours show the
relatively large absolute magnitude of the vorticity near the wall,
whereas the lighter portions represent smaller variations near the
centerline. The decrease in the maximum amplitude of � as the
wave number index n increases is noted once again.

Mean and Fluctuating Flow Properties
The computational results by Liou and Lien42 and the linear sta-

bility theory of Casalis et al.,18 both for channel flows with constant,
spatially uniform wall injection, imply that hydrodynamic instabil-
ity will not be an important factor when the Reynolds number de-
fined in Eq. (4) Re = 3 × 105. Given that the aspect ratio δ = 20, the

corresponding channel Reynolds number Rec = V ′
y0 H ′/ν = 750. In

this regard, the steady flow configuration should be stable, with a
relatively low level of vorticity associated with the profile in Fig. 1.

A formal stability theory with imposed transient sidewall mass
addition does not appear to have been attempted. On the other hand,
the asymptotic studies summarized in Ref. 8 and that by Hegab
et al.43 are initial-value analyses that should, in principle, be able to
predict the complete time history of a channel flow with transient
mass addition if the spatial and time resolutions are sufficiently fine.
Numerical solutions of the asymptotically reduced equations8 ex-
hibit the same flow characteristics found in the present fully compu-
tational solutions. The former do not suggest that a hydrodynamical
instability is occurring in the flow. One may reasonably conclude
that the vorticity and transverse temperature gradient generation
mechanisms discussed earlier are the only sources of relatively
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a)

b)

c)

d)

Fig. 18 Transverse variation of axial velocity for ω = 1, ε= 0.4, δ = 20, M = 0.02, n = 1 and Re = 4 ×× 105 at x = a) 0.5 and b) 1.0, when t = 40;
c) near-wall results for axial velocity 〈〈u〉〉, and d) instantaneous axial velocity u for four axial locations.

small-scale disturbances within the channel flow for the Reynolds
numbers considered.

The numerical solutions, characterized by distinct spatial struc-
tures on a scale small compared to the channel height H ′ and
roughly quasi-periodic transients, can be split into mean and fluctu-
ating parts. Here, the objective is to evaluate the rms intensity and
the Reynolds stress, as well as to compare the mean and instanta-
neous axial speed distributions. Data for the parameter set M = 0.02,
Re = 4 × 105, ε = 0.4, n = 1, ω = 1, and t ≤ 40 are used. It is under-
stood that the means and fluctuations are only characteristics of this
data set because the solution is not quasi steady during the entire
time interval.

A methodology borrowed from the asymptotic analysis by Zhao
et al.2 and used previously in the computational context by Kirkko-
pru et al.3,6 is employed to divide axial and transverse transient
velocities into mean motion and fluctuations:

u = 〈u〉 + u′
p + u′

r (20)

v = 〈v〉 + v′
r (21)

where u′
p is the acoustic fluctuation, u′

r and v′
r are the rotational

fluctuations, and 〈 〉 denote standard time averaging.39

If u′ ≡ u′
p + u′

r , then the rms values of the axial and transverse
fluctuation intensities are defined by√

〈u′u′〉 = √〈u′
pu′

p〉 + 2〈u′
pu′

r 〉 + 〈u′
r u′

r 〉 (22a)√
〈v′v′〉 =

√
v′

rv
′
r (22b)

Equation (22a) contains purely acoustic and rotational terms, as well
as a product of both fluctuations.

Figures 18a and 18b show the transverse variations of the time-
averaged mean flow 〈u〉 and the instantaneous axial velocity u in
Eq. (20) for t = 40 at x = 0.5 and the exit plane x = 1. The mean
velocity profile has a relatively steep gradient near the wall and dif-
fers in shape from the Culick38 and steady-flow profiles observed

in Fig. 1. This effect arises from momentum transport by Reynolds
stresses near the injection surface y = 1, shown later. The smooth
shape of the mean flow near y = 1 does not hint at the local spatial
variations present in the instantaneous profiles. For example, the
comparison of mean and instantaneous values close to the injec-
tion surface in Figs. 18c and 18d show very significant differences
between the profiles, including reverse flow in the latter. Similar
comparisons at other values of time show that the instantaneous
wall gradient fluctuates between positive and negative values. Qual-
itatively similar results are observed in the asymptotic studies.8

Figure 19 shows the transverse and axial distribution of the rms
fluctuation intensity of the axial velocity in the chamber, as defined
in Eq. (22), where the result is decomposed into three parts: acous-
tic, 〈u′

pu′
p〉; acoustic–rotational, 〈u′

pu′
r 〉; and rotational, 〈u′

r u′
r 〉. The

ramplike surface near the centerline exhibits the contribution from
the acoustic term because the vorticity generated at the sidewall has
convected out to about y = 0.2 by t = 40. The wrinkles represent
the contribution from rotational effects and are of a similar magni-
tude to those arising from acoustics. Note that the peak amplitude
increases and moves gradually toward the sidewall with increasing
axial distance downstream.

The axial and transverse variations of the Reynolds stress, ob-
tained from the time average of the mixed product of the velocity
fluctuation 〈u′v′〉 are shown in Fig. 20. This product represents the
transport of axial momentum through a surface normal to the y axis.
The stress has significant negative values adjacent to the wall near
x = 0.5 and decreases in amplitude with distance from the injection
surface. The near-wall portion of the mean velocity in Figs. 18a and
18b results from the relatively large Reynolds stresses present there.
The presentation of the data in terms of mean and fluctuating con-
tributions provides further insight into the channel flow properties
in terms often used to analyze quasi-steady flows.

More traditional numerical simulations of vorticity and turbu-
lence in channel flows with wall injection are reviewed by Chaouat.44

New solutions to the time-dependent Navier–Stokes equations with
a Reynolds stress turbulent model are presented. The boundary
conditions on the injection surface consist of a steady transverse
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Fig. 19 RMS intensity of axial velocity 〈〈u′2〉〉0.5 at t = 40.

Fig. 20 Time average of 〈〈u′v′〉〉 at t = 40.

velocity and pseudoturbulence defined in terms of prescribed levels
of Favre-averaged transverse kinetic energy fluctuations. Transi-
tion on the injection surface is observed to occur far downstream
in the channel at a location sensitive to the level of psuedoturbu-
lence. Mean axial velocity profiles are basically laminar until about
halfway down the channel and then show signs of transition. None of
the acoustic-related effects discussed in the present work are seen
in Chaouat’s results. For example, upstream in the channel, wall
generated vorticity seen in Figs. 14–17 is not present, implying that
the vorticity generating mechanism discussed in the present work is
not locally operative. Note that the transient injection wall bound-
ary conditions used in the present analysis are quite different from
those in Chaouat’s work, and so a quantitative comparison of results
is not possible. In contrast, one finds in both types of studies intense

vorticity located adjacent to the injection wall. It is difficult to know
from the turbulent theory results if the source of the downstream
vorticity is classical transition to turbulence, or partly the result
of the kind of mechanism discussed in this paper. A related, more
recent study by Yuksel et al.45 employs the shear-stress transport
k–ω methodology to capture axial velocity and turbulent kinetic
energy distributions for the same channel configuration used by
Chaouat.

Conclusions
Numerical solutions to the parabolized compressible flow equa-

tions, including transport effects, are used to describe acoustically
active internal flow in a channel. Heat transfer, temperature, and
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vorticity dynamics, caused by transient sidewall mass addition of a
constant temperature gas, are quantified. An accurate representation
of wave reflections at boundaries has facilitated accurate acoustic
velocity and vorticity distributions in the low-Mach-number and
large-Reynolds-number flow.

The computational results validate concepts derived from asymp-
totic theory.8 After the transient sidewall injection is initiated, the
acoustic pressure disturbance interacts with the constant tempera-
ture injected fluid to generate a relatively large transverse temper-
ature gradient at the sidewall. For appropriate ranges of Reynolds
number, Mach number, and frequency, the temperature waves are
transported into the chamber by the transverse velocity component
of the flowfield.

The amplitude and the wavelength of the spatial oscillations near
the injection surface are generally larger than those away from the
wall. Although the temperature variations in the flowfield are rel-
atively small, one finds that the temperature gradients are much
larger. These results are in excellent qualitative agreement with the
asymptotic predictions by Staab et al.8 and in earlier related work
by Zhao et al.2 In addition, the time history of the temperature and
its gradient show that forced and eigenfunction modes coexist as
predicted in the asymptotic analyses.8

Vorticity contour plots show that several spatial waves of vortic-
ity are found across the chamber with the largest values occurring
near the sidewall. The largest shear stresses appear at downstream
locations for n = 1. For n = 3 and 5, many of vorticity contours
are closed. The variation in the amplitude with the axial direction
is nonmonotonic, in contrast to the results for n = 1 when only an
increase occurs in the downstream direction. As the wave number
index n increases, the vorticity amplitudes decrease, the result of
diminished acoustic disturbance amplitudes. Although not shown,
similar results pertain to the temperature field.

The relatively large sidewall temperature gradient implies that
there is unexpected sidewall heat transfer even with constant tem-
perature injection. Similarly, the amplitude of the nondimensional
intensive transient vorticity is larger than the velocity disturbance,
as predicted originally by Zhao et al.2 As a consequence, the side-
wall shear stress is considerably larger than that of Culick’s steady
solution38 in Eq. (10). A comparison of mean flow and fluctuating
flow properties, including rms values, provides another opportunity
to observe the presence of relatively large, oscillatory transverse
velocity gradients, for example, shear stresses, acting on the
sidewall.

Experiments involving transient vorticity generation at an in-
jection surface have been described recently by Vetel et al.26,27

Although the geometrical configuration differs substantially from
that in the present work, the conceptual perspective regarding vor-
ticity pattern generation by an interaction between the imposed pres-
sure gradient distribution and the injected fluid is supportive of the
modeling effort conclusions.

It can be conjectured that the results described here may help to
identify high heat transfer and erosional burning locations in solid
rocket motor chambers. An understanding of oscillatory, intense ax-
ial shear stress and heat transfer on the sidewall will be useful for
developing physically viable boundary conditions at the decompos-
ing interface of a burning solid propellant. The interesting idea here
is to account for the scouring effect of oscillatory shear stress on
the fizz–foam zone thought to exist at the gas–propellant interface.
Although the axial velocity in the combustion zone may be small,
the results of the present study suggest that the velocity gradient
will be relatively large and, hence, can be a source of axial defor-
mation and perhaps stripping of easily deformable surface material.
An application of the concepts prescribed in this work is anticipated
in the near future.
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